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Abstract
The fully relativistic theory of the g factor of Li-like ions with nonzero nuclear spin
is considered for the (1s)22s state. The magnetic-dipole hyperfine-interaction correction
to the atomic g factor is calculated including the one-electron contributions as well as
the interelectronic-interaction effects of order 1/Z. This correction is combined with the
interelectronic-interaction, QED, nuclear recoil, and nuclear size corrections to obtain high-
precision theoretical values for the g factor of Li-like ions with nonzero nuclear spin. The
results can be used for a precise determination of nuclear magnetic moments from g factor
experiments.
PACS number(s): 31.30.Jv, 31.30.Gs, 32.60.+i, 12.20.Ds
1 Introduction
Recent measurements of the g factor of hydrogenlike carbon and oxygen have reached an accuracy
of about 2 · 10−9 [1–3]. These experiments stimulated theoretical investigations of this effect
[4–21]. Besides a new possibility for tests of the magnetic sector of quantum electrodynamics
(QED), these investigations have already provided a new determination of the electron mass (see
Refs. [3, 22] and references therein). Extensions of these measurements to systems with higher
nuclear charge number Z and to ions with nonzero nuclear spin would also provide the basis for
new determinations of the fine-structure constant [8, 22–24], the nuclear magnetic moments [23],
and the nuclear charge radii. Investigations of the transition probability between the hyperfine-
structure components in hydrogenlike bismuth [25–28] clearly indicated the importance of the
QED correction to the g factor for agreement between theory and experiment.
Extending theoretical description from H-like to Li-like ions, one encounters a serious com-
plication due to the presence of additional electrons. A number of relativistic calculations of
the g factor of Li-like ions were carried out previously [29–34]. However, to reach the accuracy
comparable to the one for H-like ions, a systematic quantum electrodynamic (QED) treatment is
required [16,35–38]. In the present paper, we consider the g factor of lithiumlike ions with nonzero
nuclear spin. Calculations of the g factor for these ions should include corrections depending on the
nuclear g factor. Besides a simple lowest-order nuclear-spin-dependent contribution, one should
calculate the hyperfine-interaction correction, including the interelectronic-interaction effects. In
the present paper, the magnetic-dipole hyperfine-structure correction is calculated in a wide range
of the nuclear charge number Z = 3−100. The electric-quadrupole hyperfine-structure correction
is evaluated as well. The calculations are based on perturbation theory in the parameter 1/Z. The
contributions of zeroth and first orders in 1/Z are taken into account for the magnetic-dipole cor-
rection and the contribution of zeroth order is taken into consideration for the electric-quadrupole
one. The 1/Z correction is evaluated within a rigorous QED approach. The obtained results are
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combined with the other corrections to get accurate theoretical predictions for the g factor of
lithiumlike ions with nonzero nuclear spin.
Experimental investigations in this direction are anticipated in the near future at University
of Mainz and GSI [39].
Relativistic units (~ = c = 1) and the Heaviside charge unit (α = e2/4π, e < 0) are used in
the paper. In some important cases, the final formulas contain ~ and c explicitly to be applicable
for arbitrary system of units.
2 The g factor in the lowest-order one-electron approximation
We consider a lithiumlike ion placed in a weak homogeneous magnetic field ~B directed along the
z axis. Assuming that the energy level shift (splitting) due to interaction of the valent 2s electron
with ~B is much smaller than the hyperfine-structure splitting, ∆Emag ≪ ∆EHFS, we can express
the linear-dependent part of this shift in terms of the g factor,
∆Emag = gµ0BMF , (1)
whereMF is the z projection of the total atomic angular momentum F = j+I, j+I−1, ..., |j−I|;
MF = −F,−F + 1, ..., F − 1, F ; j and I are the total electron and nuclear angular momenta,
respectively; µ0 = |e|/(2mec) is the Bohr magneton. To obtain g in relativistic approximation to
the lowest order, we have to evaluate the expression
∆Emag = 〈nljIFMF |V ~B|nljIFMF 〉 , (2)
where
V ~B = V
(e)
~B
+ V
(n)
~B
, (3)
V
(e)
~B
= −e(~α · ~A) = |e|
2
(~α · [ ~B × ~r]) , (4)
the vector ~α incorporates the Dirac α matrices, and
V
(n)
~B
= −(~µ · ~B) . (5)
Here V
(e)
~B
describes the interaction of the valent electron with the homogeneous magnetic field
and V
(n)
~B
describes the interaction of the nuclear magnetic moment ~µ with ~B. |nljIFMF 〉 is the
atomic wave function that corresponds to given values of F and MF . It is a linear combination of
products of electron and nuclear wave functions:
|nljIFMF 〉 =
∑
mj ,MI
CFMFjmjIMI |nljmj〉|IMI〉. (6)
Here CFMFjmjIMI are the Clebsch-Gordan coefficients; |nljmj〉 are the unperturbed one-electron wave
functions, which are four-component eigenvectors of the Dirac equation for the Coulomb field,
with the total angular momentum j and its projection mj ; n is the principal quantum number
and l = j ± 1
2
defines the parity of the state. |IMI〉 are the nuclear wave functions with the total
angular momentum I and its projection MI .
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In what follows, we adopt for the nuclear magnetic moment µ = 〈II|µz|II〉, where µz is the
z projection of the nuclear magnetic moment operator ~µ acting in the space of nuclear wave
functions |IMI〉.
A simple integration over the angular variables in Eq. (2) yields the well-known result (see,
e.g., Ref. [40])
g = gD
F (F + 1) + j(j + 1)− I(I + 1)
2F (F + 1)
− me
mp
gI
F (F + 1) + I(I + 1)− j(j + 1)
2F (F + 1)
. (7)
Here me and mp are the electron and the proton mass, respectively, gD is the one-electron Dirac
value of the ground-state g factor of the lithium-like ion, gI = µ/(µNI) is the nuclear g factor, and
µN = |e|/(2mpc) is the nuclear magneton. To obtain gD we have to calculate 〈nljmj |V (e)~B |nljmj〉.
For the point-nucleus case, a simple evaluation for the 2s state yields
gD =
2[
√
2 + 2γ + 1]
3
= 2− (αZ)
2
6
+ ... , (8)
where γ =
√
1− (αZ)2.
The gI-dependent term in the right-hand side of equation (7) is by a factor me/mp ≈ 1/1836
smaller than the first term. However, since it is much larger than the current experimental
uncertainty, this equation can be used for determination of gI from the g-factor experiments,
provided all the corrections to expression (7) are calculated to a high accuracy or are known
from the corresponding experiment for another isotope of the same element. In particular, to
meet the level of the current experimental accuracy, we need to evaluate the hyperfine-interaction
correction.
3 Hyperfine-interaction corrections
The hyperfine-interaction operator is given by the sum
VHFS = V
(µ)
HFS + V
(Q)
HFS , (9)
where V
(µ)
HFS and V
(Q)
HFS are the magnetic-dipole and electric-quadrupole hyperfine-interaction oper-
ators, respectively. In the point-dipole approximation,
V
(µ)
HFS =
|e|
4π
(~α · [~µ× ~r])
r3
, (10)
and, in the point-quadrupole approximation,
V
(Q)
HFS = −α
m=2∑
m=−2
Q2mη
∗
2m(~n) . (11)
Here Q2m =
∑Z
i=1 r
2
iC2m(~ni) is the operator of the electric-quadrupole moment of the nucleus,
η2m = C2m(~n)/r
3 is an operator that acts on electron variables, ~n = ~r/r, ~ni = ~ri/ri, ~r is the
position vector of the electron, ~ri is the position vector of the i-th proton in the nucleus, Clm =√
4π/(2l + 1) Ylm, and Ylm is a spherical harmonic. It must be stressed that the electric-quadrupole
interaction should be taken into account only for ions with I > 1/2.
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In the one-electron approximation, the magnetic-dipole and electric-quadrupole hyperfine-
interaction corrections to the ground-state g factor of the Li-like ion are given by
δg
one−el.(2s)
HFS(µ,Q) =
2
µ0BMF
∑
mjMI
∑
m′jM
′
I
CFMF1
2
mjIMI
CFMF1
2
m′jIM
′
I
〈IMI |
(εn 6=εv)∑
n
〈v|V (e)~B |n〉〈n|V
(µ,Q)
HFS |v′〉
εv − εn |IM
′
I〉,
(12)
where |v〉 = |201
2
mj〉 and |v′〉 = |2012m′j〉 are the 2s states of the valent electron with the angular
momentum projections mj and m
′
j , respectively, |n〉 ≡ |nljmj〉, εv = ε2s and εn are the one-
electron Dirac energies in the Coulomb field of the nucleus. The summation in (12) runs over
discrete as well as continuum states. The corresponding diagrams are presented in Fig. 1.
The total hyperfine-interaction correction to the ground-state g factor of the Li-like ion is given
by
δg
(2s)
HFS = δg
(2s)
HFS(µ) + δg
(2s)
HFS(Q) (13)
with
δg
(2s)
HFS(µ) = α
2Z
1
12
µ
µN
me
mp
1
I
Y (µ)nuc (F )[S2(αZ) +
1
Z
Bµ(αZ) +
1
Z2
Cµ(αZ) + ...] (14)
and
δg
(2s)
HFS(Q) = α
4Z3
23
2160
Q
(mec
~
)2
Y (Q)nuc (F )[T2(αZ) +
1
Z
BQ(αZ) +
1
Z2
CQ(αZ) + ...] . (15)
Here the angular factors are
Y (µ)nuc (F ) =
F (F + 1) + I(I + 1)− 3/4
2F (F + 1)
=
{
2(I+1)
2I+1
for F = I − 1
2
2I
2I+1
for F = I + 1
2
(16)
and
Y (Q)nuc (F ) =
{
− (I+1)(2I+3)
I(2I−1)(2I+1)
for F = I − 1
2
1
2I+1
for F = I + 1
2
, (17)
and Q = 2〈II|Q20|II〉 is the electric-quadrupole moment of the nucleus. The functions
S2(αZ) =
12
α2Z me
mp
gIY
(µ)
nuc (F )
δg
one−el.(2s)
HFS(µ) (18)
and
T2(αZ) =
2160
23α4Z3Q
(
mec
~
)2
Y
(Q)
nuc (F )
δg
one−el.(2s)
HFS(Q) (19)
determine the one-electron contributions, which are discussed in detail in Ref. [20]. For the point-
charge nucleus, the functions S2(αZ) and T2(αZ) are [20]
S2(αZ) =
8
3N
{
1
N + 2
[
N +
10(N + 1)
3N
]
+
(αZ)2
γ(γ + 1)
[
2(N + 1)
3− 4(αZ)2 + 1
]
− 1
γ
}
= 1 +
229
144
(αZ)2 + ... (20)
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and
T2(αZ) =
192[(N + γ + 1){18 + 24γ − 12N + 8γN2}+ 15(1 + γ)]
23γN3[15− 16(αZ)2](N + γ + 1)2
= 1 +
427
276
(αZ)2 + ... , (21)
where N =
√
2(1 + γ).
The interelectronic-interaction correction Bµ(αZ) is calculated within the rigorous QED ap-
proach. The interaction of the electrons with the Coulomb field of the nucleus is included in the
unperturbed Hamiltonian, i.e. the Furry picture is used. The perturbation theory is formulated
with the technique of the two-time Green function (TTGF) [26]. To simplify the calculations, the
closed (1s)2 shell is regarded as belonging to a redefined vacuum. With this vacuum, the Fourier
transform of TTGF can be introduced by
G(E; ~x′; ~x)δ(E − E ′) = 1
2πi
∞∫
−∞
dx0dx′0 exp(iE ′x′0 − iEx0)
× 〈0(1s)2 |Tψ(x′0, ~x′)ψ†(x0, ~x)|0(1s)2〉,
(22)
where ψ(x0, ~x) is the electron-positron field operator in the Heisenberg representation and T is
the time-ordered product operator. The energy shift of a state a can be expressed in terms of the
TTGF defined by
gaa(E) = 〈ua|G(E)|ua〉 ≡
∫
d~xd~x′u†a(~x
′)G(E; ~x′; ~x)ua(~x), (23)
where ua(~x) is the unperturbed Dirac wave function of the state a. Using the Sz.-Nagy and Kato
technique [41], one can derive for the total energy shift ∆Ea ≡ Ea − E(0)a [26, 42]
∆Ea =
1
2πi
∮
Γ
dE∆E∆gaa(E)
1 + 1
2πi
∮
Γ
dE∆gaa(E)
, (24)
where ∆E = E − E(0)a , ∆gaa(E) ≡ gaa(E) − g(0)aa (E), and g(0)aa (E) = (E − E(0)a )−1. The contour
integrals in the complex E-plane are taken along the contour Γ which surrounds the pole of gaa(E)
corresponding to the level a and keeps outside all other singularities. The contour Γ is oriented
counter-clockwise.
To first three orders of the perturbation theory, the energy shift is given by
∆E(1)a =
1
2πi
∮
Γ
dE∆E∆g(1)aa (E) , (25)
∆E(2)a =
1
2πi
∮
Γ
dE∆E∆g(2)aa (E)−
(
1
2πi
∮
Γ
dE∆E∆g(1)aa (E)
)(
1
2πi
∮
Γ
dE∆g(1)aa (E)
)
, (26)
∆E(3)a =
1
2πi
∮
Γ
dE∆E∆g(3)aa (E)−
(
1
2πi
∮
Γ
dE∆E∆g(2)aa (E)
)(
1
2πi
∮
Γ
dE∆g(1)aa (E)
)
−
(
1
2πi
∮
Γ
dE∆E∆g(1)aa (E)
)(
1
2πi
∮
Γ
dE∆g(2)aa (E)
)
+
(
1
2πi
∮
Γ
dE∆E∆g(1)aa (E)
)(
1
2πi
∮
Γ
dE∆g(1)aa (E)
)2
. (27)
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The redefinition of the vacuum changes i0 to −i0 in the electron propagator denominators
corresponding to the closed (1s)2 shell. In other words it means replacing the standard Feynman
contour of integration over the electron energy C with a new contour C ′ (Fig. 2). The second-
order contribution is defined by the diagrams presented in Fig. 1. Its evaluation according to Eq.
(26) yields formula (12). In the formalism under consideration, the lowest-order interelectronic-
interaction and the radiative corrections to Eq. (12) are described by the third-order diagrams
presented in Fig. 3 and, according to Eq. (27), by some products of the low-order diagrams
depicted in Figs. 4 and 5. According to Fig. 2, to separate the interelectronic-interaction correc-
tions, the contour C ′ must be divided into two parts, C and Cint. The integral along the standard
Feynman contour C gives the one-electron radiative correction. The integral along the contour
Cint describes the interaction of the valent electron with the closed shell electrons. Its evaluation
in the Feynman gauge employing formula (27) yields for the interelectronic-interaction correction
Bµ(αZ)
Bµ(αZ) =
12
α2 me
mp
gIY
(µ)
nuc (F )
∆E
(3)
F (µ)
µ0BMF
, (28)
where
∆E
(3)
F (µ) =
∑
mjMI
∑
m′jM
′
I
CFMF1
2
mjIMI
CFMF1
2
m′jIM
′
I
〈IMI |I(3a)µ + I(3b)µ + I(3c)µ + I(3d)µ |IM ′I〉 , (29)
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I(3a)µ =
∑
εc=ε1s
((εn1 6=εv,εn2 6=εv)∑
n1,n2
2
(εv − εn1)(εv − εn2)
[
〈v|V (e)~B |n1〉〈n1|V
(µ)
HFS|n2〉〈n2c|I(0)|v′c〉
+ 〈v|V (e)~B |n1〉〈n1c|I(0)|n2c〉〈n2|V
(µ)
HFS|v′〉+ 〈v|V (µ)HFS|n1〉〈n1|V (e)~B |n2〉〈n2c|I(0)|v
′c〉
]
−
∑
εv˜=εv
(εn 6=εv)∑
n
2
(εv − εn)2
[
〈v|V (e)~B |n〉〈n|V
(µ)
HFS|v˜〉〈v˜c|I(0)|v′c〉
+ 〈v|V (e)~B |n〉〈nc|I(0)|v˜c〉〈v˜|V
(µ)
HFS|v′〉+ 〈v|V (e)~B |v˜〉〈v˜|V
(µ)
HFS|n〉〈nc|I(0)|v′c〉
])
, (30)
I(3b)µ = −
∑
εc=ε1s
((εn1 6=εv,εn2 6=εv)∑
n1,n2
2
(εv − εn1)(εv − εn2)
[
〈v|V (e)~B |n1〉〈n1|V
(µ)
HFS|n2〉〈n2c|I(ω)|cv′〉
+ 〈v|V (e)~B |n1〉〈n1c|I(ω)|cn2〉〈n2|V
(µ)
HFS|v′〉+ 〈v|V (µ)HFS|n1〉〈n1|V (e)~B |n2〉〈n2c|I(ω)|cv
′〉
]
−
∑
εv˜=εv
(εn 6=εv)∑
n
2
(εv − εn)2
[
〈v|V (e)~B |n〉〈n|V
(µ)
HFS|v˜〉〈v˜c|I(ω)|cv′〉
+ 〈v|V (e)~B |n〉〈nc|I(ω)|cv˜〉〈v˜|V
(µ)
HFS|v′〉+ 〈v|V (e)~B |v˜〉〈v˜|V
(µ)
HFS|n〉〈nc|I(ω)|cv′〉
]
+
∑
εv˜=εv
(εn 6=εv)∑
n
2
εv − εn
[
〈v|V (e)~B |n〉〈n|V
(µ)
HFS|v˜〉〈v˜c|I ′(ω)|cv′〉
+ 〈v|V (e)~B |n〉〈nc|I
′(ω)|cv˜〉〈v˜|V (µ)HFS|v′〉+ 〈v|V (e)~B |v˜〉〈v˜|V
(µ)
HFS|n〉〈nc|I ′(ω)|cv′〉
]
+
∑
εv˜=εv
∑
εv˘=εv
〈v|V (e)~B |v˜〉〈v˜c|I
′′(ω)|cv˘〉〈v˘|V (µ)HFS|v′〉
)
, (31)
I(3c)µ =
∑
εc=ε1s
((εn1 6=εv,εn2 6=εc)∑
n1,n2
2
(εv − εn1)(εc − εn2)
[
〈v|V (e)~B |n1〉〈c|V
(µ)
HFS|n2〉〈n1n2|I(0)|v′c〉
+ 〈v|V (e)~B |n1〉〈n1c|I(0)|v
′n2〉〈n2|V (µ)HFS|c〉+ 〈v|V (µ)HFS|n1〉〈c|V (e)~B |n2〉〈n1n2|I(0)|v
′c〉
+ 〈v|V (µ)HFS|n1〉〈n1c|I(0)|v′n2〉〈n2|V (e)~B |c〉
]
+
(εn1 6=εc,εn2 6=εc)∑
n1,n2
2
(εc − εn1)(εc − εn2)
[
〈c|V (e)~B |n1〉〈n1|V
(µ)
HFS|n2〉〈n2v|I(0)|cv′〉
+ 〈c|V (e)~B |n1〉〈n1v|I(0)|n2v
′〉〈n2|V (µ)HFS|c〉+ 〈c|V (µ)HFS|n1〉〈n1|V (e)~B |n2〉〈n2v|I(0)|cv
′〉
]
−
∑
εc˜=ε1s
(εn 6=εc)∑
n
2
(εc − εn)2
[
〈c|V (e)~B |n〉〈n|V
(µ)
HFS|c˜〉〈c˜v|I(0)|cv′〉
+ 〈c|V (e)~B |n〉〈nv|I(0)|c˜v
′〉〈c˜|V (µ)HFS|c〉+ 〈c|V (e)~B |c˜〉〈c˜|V
(µ)
HFS|n〉〈nv|I(0)|cv′〉
])
, (32)
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I(3d)µ = −
∑
εc=ε1s
((εn1 6=εv,εn2 6=εc)∑
n1,n2
2
(εv − εn1)(εc − εn2)
[
〈v|V (e)~B |n1〉〈c|V
(µ)
HFS|n2〉〈n1n2|I(ω)|cv′〉
+ 〈v|V (e)~B |n1〉〈n1c|I(ω)|n2v
′〉〈n2|V (µ)HFS|c〉+ 〈v|V (µ)HFS|n1〉〈c|V (e)~B |n2〉〈n1n2|I(ω)|cv
′〉
+ 〈v|V (µ)HFS|n1〉〈n1c|I(ω)|n2v′〉〈n2|V (e)~B |c〉
]
+
(εn1 6=εc,εn2 6=εc)∑
n1,n2
2
(εc − εn1)(εc − εn2)
[
〈c|V (e)~B |n1〉〈n1|V
(µ)
HFS|n2〉〈n2v|I(ω)|v′c〉
+ 〈c|V (e)~B |n1〉〈n1v|I(ω)|v
′n2〉〈n2|V (µ)HFS|c〉+ 〈c|V (µ)HFS|n1〉〈n1|V (e)~B |n2〉〈n2v|I(ω)|v
′c〉
]
−
∑
εc˜=ε1s
(εn 6=εc)∑
n
2
(εc − εn)2
[
〈c|V (e)~B |n〉〈n|V
(µ)
HFS|c˜〉〈c˜v|I(ω)|v′c〉
+ 〈c|V (e)~B |n〉〈nv|I(ω)|v
′c˜〉〈c˜|V (µ)HFS|c〉+ 〈c|V (e)~B |c˜〉〈c˜|V
(µ)
HFS|n〉〈nv|I(ω)|v′c〉
]
−
∑
εc˜=ε1s
(εn 6=εc)∑
n
2
εc − εn
[
〈c|V (e)~B |n〉〈n|V
(µ)
HFS|c˜〉〈c˜v|I ′(ω)|v′c〉
+ 〈c|V (e)~B |n〉〈nv|I
′(ω)|v′c˜〉〈c˜|V (µ)HFS|c〉+ 〈c|V (e)~B |c˜〉〈c˜|V
(µ)
HFS|n〉〈nv|I ′(ω)|v′c〉
]
−
∑
εc˜=ε1s
(εn 6=εv)∑
n
2
εv − εn
[
〈v|V (e)~B |n〉〈nc|I
′(ω)|c˜v′〉〈c˜|V (µ)HFS|c〉+ 〈v|V (µ)HFS|n〉〈nc|I ′(ω)|c˜v′〉〈c˜|V (e)~B |c〉
]
+
∑
εv˜=εv
(εn 6=εc)∑
n
2
εc − εn
[
〈v|V (e)~B |v˜〉〈v˜c|I
′(ω)|nv′〉〈n|V (µ)HFS|c〉+ 〈v|V (µ)HFS|v˜〉〈v˜c|I ′(ω)|nv′〉〈n|V (e)~B |c〉
]
−
∑
εv˜=εv
∑
εc˜=ε1s
[
〈v|V (e)~B |v˜〉〈v˜c|I
′′(ω)|c˜v′〉〈c˜|V (µ)HFS|c〉+ 〈v|V (µ)HFS|v˜〉〈v˜c|I ′′(ω)|c˜v′〉〈c˜|V (e)~B |c〉
]
+
∑
εc˜=ε1s
∑
εc˘=ε1s
〈c|V (e)~B |c˜〉〈c˜v|I
′′(ω)|v′c˘〉〈c˘|V (µ)HFS|c〉
)
. (33)
Here
〈n1n2|I(ω)|n3n4〉 ≡
∫
d~x1d~x2u
†
n1(~x1)u
†
n2(~x2)I(ω)un3(~x1)un4(~x2) , (34)
I(ω) = α
(1− ~α1 · ~α2) cos(ωr12)
r12
, (35)
I ′(ω) =
dI(ω)
dω
, I ′′(ω) =
d2I(ω)
dω2
, (36)
ω = εv − ε1s , and r12 = |~x1 − ~x2|.
For checking purposes the corresponding calculation of the function Bµ(αZ) was performed in
the Coulomb gauge as well. The results of both calculations coincide with each other.
8
4 Numerical results
In Table 1, we present the numerical results for the function S2(αZ). The exact values calculated
for the point-like and extended nuclear charge distribution models are presented in the fourth and
fifth columns, respectively.
In Table 2, we present the numerical results for the function Bµ(αZ) defined by Eq. (28),
Bµ(αZ) = B
(a)
µ (αZ) +B
(b)
µ (αZ) +B
(c)
µ (αZ) +B
(d)
µ (αZ) , (37)
for the 2s state. B
(a)
µ (αZ), B
(b)
µ (αZ), B
(c)
µ (αZ), and B
(d)
µ (αZ) denote contributions from the
corresponding diagrams presented in Fig. 3. All the values are calculated for the extended
nuclear charge distribution. The root-mean-square nuclear charge radii were taken from [43]. For
those elements for which no accurate experimental radii were available we employed the empirical
expression [44]
〈r2〉1/2 = 0.836A1/3 + 0.570(±0.05) fm , (38)
where A is the nuclear mass expressed in a.m.u.
The dual kinetic balance (DKB) approach to basis-set expansion for the Dirac equation [45]
was used for these calculations. The basis DKB functions were constructed from B-splines [46,47].
The Fermi model was used for the nuclear charge distribution. The uncertainties were estimated
by adding quadratically two errors, one obtained by varying 〈r2〉1/2 within its uncertainty and the
other obtained by changing the model of the nuclear-charge distribution from the Fermi to the
homogeneously-charged-sphere model.
5 Discussion
The total 2s g-factor value of a lithiumlike ion with nonzero nuclear spin can be represented by
g = (gD +∆gint +∆gQED +∆g
(e)
rec +∆gNS +∆gNP)Yel(F )
−me
mp
(gI +∆g
(n)
rec )Y
(µ)
nuc (F ) + δg
(2s)
HFS(µ) + δg
(2s)
HFS(Q) , (39)
where
Yel(F ) =
F (F + 1) + 3/4− I(I + 1)
2F (F + 1)
=
{
− 1
2I+1
for F = I − 1
2
1
2I+1
for F = I + 1
2
, (40)
Y
(µ)
nuc (F ) is defined by equation (16). The individual contributions to the g factor of the ground
state of some Li-like ions are presented in Table 3 for F = I−1/2 and in Table 4 for F = I +1/2.
The Dirac point-nucleus value is obtained by Eq. (8). The interelectronic-interaction (∆gint), QED
(∆gQED), nuclear-recoil (∆g
(e)
rec), and nuclear-size (∆gNS) corrections are obtained as described in
Refs. [36, 37]. To estimate the nuclear-polarization correction to the g factor of Li-like ions with
nonzero nuclear spin, we used the corresponding values for the zero-nuclear-spin isotopes [18] with
the 100% uncertainty. This correction is essential only for heavy elements. Since in all the cases
under consideration the absolute value of the recoil correction ∆g
(n)
rec to the bound-nucleus g factor
is smaller than 10−11 [11], it is omitted in Tables 3 and 4.
The hyperfine-interaction corrections δg
(2s)
HFS(µ) and δg
(2s)
HFS(Q) are given by formulas (14) and
(15), respectively. The uncertainty due to uncalculated second- and higher-order terms in Eq.
9
(14) was estimated as the first-order correction (∼ Bµ(αZ)/Z) multiplied by the factor 2/Z. The
uncertainty due to uncalculated first- and higher-order terms in Eq. (15) was estimated in a
similar way.
It can be seen from Tables 3 and 4 that, as a rule, the electric-quadrupole hyperfine-interaction
correction is much smaller than the magnetic-dipole one. This is due to an additional factor (αZ)2
in formula (15) compared to formula (14) and small values of Q for low-Z ions. However, in case
of 235U89+ these corrections are of the same order of magnitude.
The uncertainties of the nuclear magnetic moments indicated in Tables 3 and 4, as a rule, do
not include errors due to unknown chemical shifts which, in some cases, can contribute on the level
of a few tenths percents. This means that measurements of the g factor with the aforementioned
accuracy could provide the most accurate determinations of the nuclear magnetic moments. The
hyperfine-interaction correction evaluated in this paper will be important for this determination.
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Table 1: Numerical results for the function S2(αZ) defined by Eq. (18). S
point
2 is the point-nucleus
value obtained by formula (20). Sext2 is the extended-nucleus value. The values of 〈r2〉1/2 are taken
from Ref. [43].
Ion Z 〈r2〉1/2 (fm) Spoint2 (αZ) Sext2 (αZ)
7Li 3 2.431 1.00076 1.00076
9Be+ 4 2.518 1.00136 1.00136
11B2+ 5 2.406 1.00212 1.00212
13C3+ 6 2.461 1.00306 1.00306
14N4+ 7 2.558 1.00417 1.00417
17O5+ 8 2.695 1.00545 1.00545
19F6+ 9 2.898 1.00691 1.00691
21Ne7+ 10 2.967 1.00855 1.00854
33S13+ 16 3.251 1.02224 1.02218
43Ca17+ 20 3.493 1.03527 1.03513
53Cr21+ 24 3.659 1.05171 1.05145
67Zn27+ 30 3.964 1.08359 1.08296(1)
73Ge29+ 32 4.063 1.09637 1.09555(2)
91Zr37+ 40 4.284 1.16037 1.15824(3)
113In46+ 49 4.602 1.26402 1.25820(6)
115In46+ 49 4.617 1.26402 1.25818(6)
119Sn47+ 50 4.645 1.27819 1.27170(7)
127I50+ 53 4.750 1.32460 1.31566(9)
129Xe51+ 54 4.776 1.34148 1.33156(10)
131Xe51+ 54 4.781 1.34148 1.33155(10)
143Nd57+ 60 4.923 1.46042 1.4420(2)
159Tb62+ 65 5.060 1.58862 1.5577(8)
173Yb67+ 70 5.304 1.75329 1.7004(3)
177Hf69+ 72 5.333 1.83238 1.7674(4)
185Re72+ 75 5.329 1.96892 1.8806(6)
187Re72+ 75 5.339 1.96892 1.8805(6)
195Pt75+ 78 5.428 2.13172 2.0095(7)
197Au76+ 79 5.436 2.19299 2.0570(7)
199Hg77+ 80 5.448 2.25827 2.1068(8)
207Pb79+ 82 5.494 2.40235 2.2136(10)
209Bi80+ 83 5.521 2.48199 2.2709(10)
229Th87+ 90 5.681 3.23718 2.764(3)
231Pa88+ 91 5.700 3.38354 2.850(3)
235U89+ 92 5.829 3.54308 2.935(2)
257Fm97+ 100 5.886 5.57470 3.870(7)
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Table 2: The contributions to the interelectronic-interaction correction Bµ(αZ), defined by Eq.
(28), from the diagrams presented in Figs. 3–5. The values of 〈r2〉1/2 are given in Table 1.
Ion Z B
(a)
µ (αZ) B
(b)
µ (αZ) B
(c)
µ (αZ) B
(d)
µ (αZ) Bµ(αZ)
7Li 3 -1.45058 -0.0588955 -0.230825 0.146787 -1.59351
9Be+ 4 -1.45215 -0.0591841 -0.231117 0.147153 -1.59529
11B2+ 5 -1.45417 -0.0595557 -0.231493 0.147625 -1.59759
13C3+ 6 -1.45664 -0.0600107 -0.231953 0.148205 -1.60040
14N4+ 7 -1.45957 -0.0605498 -0.232499 0.148894 -1.60373
17O5+ 8 -1.46296 -0.0611736 -0.233130 0.149694 -1.60757
19F6+ 9 -1.46682 -0.0618828 -0.233850 0.150607 -1.61194
21Ne7+ 10 -1.47114 -0.0626786 -0.234657 0.151636 -1.61684
33S13+ 16 -1.50734(1) -0.0693364(4) -0.241442(1) 0.160434(1) -1.65769(1)
43Ca17+ 20 -1.54187(1) -0.0756850(2) -0.247960(1) 0.169119(2) -1.69639(1)
53Cr21+ 24 -1.58556(2) -0.0837272(8) -0.256270(2) 0.180504(4) -1.74505(2)
67Zn27+ 30 -1.67053(4) -0.099395(3) -0.272617(4) 0.203796(9) -1.83874(3)
73Ge29+ 32 -1.70468(4) -0.105707(4) -0.279253(6) 0.21355(1) -1.87609(4)
91Zr37+ 40 -1.87649(9) -0.13762(1) -0.31312(1) 0.26566(3) -2.06157(9)
113In46+ 49 -2.1556(2) -0.19021(3) -0.36966(3) 0.35919(5) -2.3563(2)
115In46+ 49 -2.1556(2) -0.19021(3) -0.36965(3) 0.35917(5) -2.3563(2)
119Sn47+ 50 -2.1938(2) -0.19748(3) -0.37751(3) 0.37268(7) -2.3961(2)
127I50+ 53 -2.3186(2) -0.22141(4) -0.40340(5) 0.41789(9) -2.5255(3)
129Xe51+ 54 -2.3640(3) -0.23017(4) -0.41287(5) 0.43469(9) -2.5724(3)
131Xe51+ 54 -2.3640(3) -0.23016(4) -0.41287(5) 0.43468(9) -2.5723(3)
143Nd57+ 60 -2.6825(5) -0.29243(8) -0.48024(8) 0.5574(2) -2.8977(3)
159Tb62+ 65 -3.021(2) -0.3603(3) -0.5535(4) 0.6961(8) -3.239(2)
173Yb67+ 70 -3.4456(9) -0.4477(2) -0.6470(2) 0.8792(4) -3.6612(10)
177Hf69+ 72 -3.647(2) -0.4900(2) -0.6919(2) 0.9690(5) -3.8597(12)
185Re72+ 75 -3.990(2) -0.5632(3) -0.7692(4) 1.1257(6) -4.196(2)
187Re72+ 75 -3.989(2) -0.5632(3) -0.7691(4) 1.1256(6) -4.196(2)
195Pt75+ 78 -4.383(2) -0.6494(4) -0.8591(4) 1.3116(8) -4.580(2)
197Au76+ 79 -4.529(2) -0.6818(4) -0.8927(4) 1.3819(9) -4.722(3)
199Hg77+ 80 -4.683(3) -0.7162(5) -0.9282(5) 1.4565(10) -4.870(3)
207Pb79+ 82 -5.013(3) -0.7912(5) -1.0052(7) 1.6196(12) -5.189(3)
209Bi80+ 83 -5.191(4) -0.8322(5) -1.0469(7) 1.7089(13) -5.361(3)
229Th87+ 90 -6.738(9) -1.2047(16) -1.417(2) 2.520(4) -6.840(9)
231Pa88+ 91 -7.011(11) -1.2732(17) -1.484(2) 2.669(5) -7.099(9)
235U89+ 92 -7.279(7) -1.3429(13) -1.5499(15) 2.819(4) -7.353(7)
257Fm97+ 100 -10.26(3) -2.156(5) -2.301(5) 4.558(12) -10.16(2)
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Table 3: The individual contributions to the ground-state g factor of lithiumlike ions with nonzero
nuclear spin for F = I − 1
2
. The values of 〈r2〉1/2 are given in Table 1. The values of I, µ
µN
, and
Q are given in Table 4.
Ion 17O5+ 33S13+ 43Ca17+ 53Cr21+
gDYel(F ) -0.333238563 -0.499429548 -0.249553251 -0.498709516
∆gintYel(F ) -0.000029443(5) -0.00009031(2) -0.000056806(18) -0.00013712(5)
∆gQEDYel(F ) -0.000386592(2) -0.000580176(15) -0.000290213(13) -0.00058076(4)
∆g
(e)
recYel(F ) -0.000000003 -0.000000011(1) -0.000000007 -0.000000017(1)
∆gNSYel(F ) 0.0 -0.000000001 -0.000000002 -0.000000009
−me
mp
gIY
(µ)
nuc (F ) 0.00048132(2) -0.000292197(1) 0.000230660(1) 0.00021537(1)
δg
(2s)
HFS(µ) -0.000000014(1) 0.000000019 -0.000000019 -0.000000022
δg
(2s)
HFS(Q) 0.0 0.0 0.0 0.0
g -0.33317330(2) -0.50039222(3) -0.24966964(2) -0.49921208(7)
Ion 73Ge29+ 131Xe51+ 209Bi80+ 235U89+
gDYel(F ) -0.199075231 -0.493187551 -0.193006882 -0.238840328
∆gintYel(F ) -0.00007397(4) -0.0003249(3) -0.0002175(3) -0.0003127(5)
∆gQEDYel(F ) -0.00023270(2) -0.00058679(11) -0.00024077(13) -0.0003049(2)
∆g
(e)
recYel(F ) -0.000000009(1) -0.000000040(15) -0.00000003(4) -0.00000004(9)
∆gNSYel(F ) -0.000000016 -0.000000839(3) -0.000008752(17) -0.00002999(6)
∆gNPYel(F ) —— —— —— 0.00000003(3)
−me
mp
gIY
(µ)
nuc (F ) 0.000117082 -0.000314000(2) -0.00054724(3) 0.000068(12)
δg
(2s)
HFS(µ) -0.000000017 0.000000097 0.000000445 -0.000000080(14)
δg
(2s)
HFS(Q) 0.0 0.000000001 0.000000002 -0.000000046(1)
g -0.19926487(4) -0.4944140(3) -0.1940207(3) -0.239420(12)
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Table 4: The individual contributions to the ground-state g factor of lithiumlike ions with nonzero
nuclear spin for F = I + 1
2
. The values of 〈r2〉1/2 are given in Table 1. The values of µ
µN
and Q
are taken from Refs. [48] and [49], respectively.
Ion 13C3+ 17O5+ 33S13+ 43Ca17+
I 1/2 5/2 3/2 7/2
µ/µN 0.7024118(14) -1.89379(9) 0.6438212(14) -1.317643(7)
Q (barn) —— -0.02558(22) -0.0678(13) -0.0408(8)
gDYel(F ) 0.999840150 0.333238563 0.499429548 0.249553251
∆gintYel(F ) 0.000065379(10) 0.000029443(5) 0.00009031(2) 0.000056806(18)
∆gQEDYel(F ) 0.001159708(3) 0.000386592(2) 0.000580176(15) 0.000290213(13)
∆g
(e)
recYel(F ) 0.000000005(1) 0.000000003 0.000000011(1) 0.000000007
∆gNSYel(F ) 0.0 0.0 0.000000001 0.000000002
−me
mp
gIY
(µ)
nuc (F ) -0.000382545(1) 0.000343797(16) -0.000175318 0.000179403(1)
δg
(2s)
HFS(µ) 0.000000007(1) -0.000000010(1) 0.000000011 -0.000000015
δg
(2s)
HFS(Q) —— 0.0 0.0 0.0
g 1.000682704(10) 0.333998387(17) 0.49992474(3) 0.25007967(2)
Ion 53Cr21+ 73Ge29+ 129Xe51+ 131Xe51+
I 3/2 9/2 1/2 3/2
µ/µN -0.47454(3) -0.8794677(2) -0.7779763(84) 0.6918619(39)
Q (barn) -0.150(50) -0.196 —— -0.114(1)
gDYel(F ) 0.498709516 0.199075231 0.986375103 0.493187551
∆gintYel(F ) 0.00013712(5) 0.00007397(4) 0.0006497(6) 0.0003249(3)
∆gQEDYel(F ) 0.00058076(4) 0.00023270(2) 0.0011736(2) 0.00058679(11)
∆g
(e)
recYel(F ) 0.000000017(1) 0.000000009(1) 0.00000008(3) 0.000000040(15)
∆gNSYel(F ) 0.000000009 0.000000016 0.000001678(5) 0.000000839(3)
−me
mp
gIY
(µ)
nuc (F ) 0.000129221(8) 0.000095795 0.000423699(5) -0.000188400(1)
δg
(2s)
HFS(µ) -0.000000013 -0.000000014 -0.000000130 0.000000058
δg
(2s)
HFS(Q) 0.0 0.0 —— 0.0
g 0.49955663(7) 0.19947771(4) 0.9886237(6) 0.4939117(3)
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Table 4 (continued)
Ion 207Pb79+ 209Bi80+ 235U89+
I 1/2 9/2 7/2
µ/µN 0.59258(1) 4.1106(2) -0.39(7)
a
Q (barn) —— -0.516(15) 4.936(6)
gDYel(F ) 0.966001452 0.193006882 0.238840328
∆gintYel(F ) 0.0010703(14) 0.0002175(3) 0.0003127(5)
∆gQEDYel(F ) 0.0012023(7) 0.00024077(13) 0.0003049(2)
∆g
(e)
recYel(F ) 0.00000013(18) 0.00000003(4) 0.00000004(9)
∆gNSYel(F ) 0.00003921(8) 0.000008752(17) 0.00002999(6)
∆gNPYel(F ) -0.00000002(2) —— -0.00000003(3)
−me
mp
gIY
(µ)
nuc (F ) -0.000322731(5) -0.00044774(2) 0.000053(10)
δg
(2s)
HFS(µ) 0.000000253 0.000000364 -0.000000062(11)
δg
(2s)
HFS(Q) —— -0.000000001 0.000000021(1)
g 0.9679909(15) 0.1930266(3) 0.239541(10)
a An average of the values given in Ref. [48].
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Figure 1: The second-order diagrams contributing to δg
(2s)
HFS.
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Figure 2: C is the original contour of the integration over the electron energy variable in the
formalism with the standard vacuum. C ′ is the integration contour for the vacuum with the (1s)2
shell included. The integral along the contour Cint = C
′−C describes the interaction of the valent
electron with the (1s)2-shell electrons.
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Figure 3: The third-order diagrams contributing to δg
(2s)
HFS(µ).
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HFS(µ) being multiplied by the second-order
diagrams presented in Fig. 5.
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